Abstract. The p-class tower F ∞ p (k) of a number field k is its maximal unramified pro-p extension. It is considered to be known when the p-tower group, that is the Galois group G := Gal(F ∞ p (k)|k), can be identified by an explicit presentation. The main intention of this article is to characterize assigned finite 3-groups uniquely by abelian quotient invariants of subgroups of finite index, and to provide evidence of actual realizations of these groups by 3-tower groups G of real quadratic fields K = Q( √ d) with 3-capitulation type (0122) or (2034).
Introduction
Given a prime p, the Hilbert p-class field tower F ∞ p (k) is the maximal unramified pro-p extension of an algebraic number field k. It is considered to be known if a presentation of its Galois group is given (and not merely its length ℓ p (k)). The key for determining the Galois group
which is briefly called the p-class tower group of k, is the structure of p-class groups Cl p (L) of unramified (abelian or non-abelian) p-extensions L|k, collected in IPADs (index-p abelianization data) [21] . Our main goal is to present new criteria for the occurrence of assigned 3-class tower groups G in terms of their IPADs and proofs of their actual realization by suitable base fields k.
Complex quadratic fields k = Q( √ d) with negative fundamental discriminant d < 0 were the first objects whose p-class tower has been studied for an odd prime p by Scholz and Taussky in 1934 [27] . These authors used group theory to classify the 3-capitulation type κ 1 (k) = (ker(j i )) 1≤i≤4 of complex quadratic fields k with 3-class group Cl 3 (k) ≃ (3, 3) and four class extension homomorphisms j i : Cl 3 (k) → Cl 3 (L i ) to the unramified cyclic cubic superfields L i , 1 ≤ i ≤ 4, into 13 possible cases, denoting sections of similar types with upper case letters D,E,F,G,H and proving that other sections A,B,C are impossible (B,C in general, A for quadratic fields).
In the present article, we use IPADs of 2 nd order to show that real quadratic fields K = Q( √ d) with one of the 3-capitulation types c.18, κ = (0122), and c.21, κ = (2034), where 0 denotes a total capitulation [17, p.477] , have 3-class field towers of exact length ℓ 3 (K) = 3. These types are strange because they are unique with the following properties: Every finite metabelian 3-group G with one of these types κ 1 (G) has coclass cc(G) = 2 and is infinitely capable with nuclear rank NR(G) ≥ 1 [20] . So G cannot be leaf of a tree. The second 3-class group G := G 2 3 (K) = Gal(F 2 3 (K)|K) [16] of the real quadratic fields K = Q( √ d), d > 0, under investigation is such a group. Section c (containing types 18 and 21) was found group-theoretically by Nebelung [23] in 1989, 55 years after the Scholz-Taussky sections D,...,H. However, for nearly 20 years, examples of fields with these types, which certainly cannot occur for complex quadratic fields, were unknown, and we were the first who discovered suitable real quadratic base fields K = Q( Inspired by the the International Conference on Groups and Algebras in Shanghai at the end of July 2015, we suddenly had the rewarding idea and the courage to study their 3-class tower.
Main result
Theorem 2.1. The following real quadratic fields K = Q( √ d), with fundamental discriminant d > 0, 3-class group Cl 3 (K) of type (3, 3) , and 3-capitulation type κ 1 (K) belonging to section c, have a 3-class field tower K < F 
Second 3-class groups as tree vertices
Before we start with required theoretical foundations in section § 4, let us have a glance at the two trees where all second 3-class groups G with type κ 1 (G) in Nebelung's section c are located as mainline vertices. These trees first arose in our investigation of metabelian 3-groups G with type κ 1 (G) in the Scholz-Taussky section E [19, The vertices of the coclass trees in both figures are classified by using different symbols:
(1) big full discs • represent metabelian groups G with bicyclic centre of type (3, 3) and defect
2) small full discs • represent metabelian groups G with cyclic centre of order 3 and defect k(G) = 1, (3) small contour squares represent non-metabelian groups H. A symbol n * adjacent to a vertex denotes the multiplicity of a batch of n immediate descendants sharing a common parent. The groups of particular importance are labelled by a number in angles, which is the identifier in the SmallGroups library [6, 7] of MAGMA [15] , where we omit the orders, which are given on the left hand scale. The transfer kernel types κ 1 , briefly TKT [17, Thm.2.5, Tbl. [6] [7] , in the bottom rectangle concern all vertices located vertically above. The first, resp. second, component τ 1 (1), resp. τ 1 (2), of the transfer target type (TTT) [21, Dfn.3.3, p.288] in the left rectangle concerns vertices on the same horizontal level with defect k(G) = 0. The periodicity with length 2 of branches, B(j) ≃ B(j + 2) for j ≥ 7, sets in with branch B(7), having a root of order 3
7 . The metabelian skeletons were drawn in [23, p.189ff ], the complete trees were given in [3, The actual realization of a vertex as the second 3-class group G = G 2 3 (K) of a complex, resp. real, quadratic number field K = Q( √ d) of type (3, 3) with discriminant −10 8 < d < 10 9 is indicated by an underlined boldface signed discriminant (minimal in absolute value) adjacent to an oval surrounding the vertex.
The realization of mainline vertices with TKT c.18 and c.21 as G = G 2 3 (K), starting with 729, 49 on the tree T 2 ( 243, 6 ) and with 729, 54 on the tree T 2 ( 243, 8 ), disproved the strict leaf conjecture (that a second 3-class group must be a leaf of the metabelian skeleton of a coclass graph) but it is no violation of the weak leaf conjecture [19, Cnj.3.1, p.423] , since these vertices do not possess metabelian immediate descendants of the same TKT with higher defect k(G) of commutativity. 
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Pattern Recognition via Artin Transfers
Let p be a fixed prime number and k be a number field with p-class group Cl p (k) of order p v , where v ≥ 0 denotes a non-negative integer. According to the Artin reciprocity law of class field theory [1] , Cl p (k) is isomorphic to the Galois group G
In section § 1, we defined the p-class tower group (briefly p-tower group) of k as the Galois
Thus, the p-class group Cl p (k) of k is also isomorphic to the abelianization G/G ′ of the p-tower group G of k. Consequently, the derived subgroup G ′ is a closed (and open) subgroup of finite index (G : G ′ ) = p v in the topological pro-p group G, and there exist v + 1 layers Definition 4.1. For each integer 0 ≤ n ≤ v, the system
n is called the n-th layer of normal subgroups of G with abelian quotients G/H. In particular, for n = 0, G forms the top layer Lyr 0 (G) = {G}, and for n = v, G ′ constitutes the bottom layer
Since the abelianization H ab = H/H ′ forms the target of the Artin transfer homomorphism 
of abelianizations is called the n-th layer of the multi-layered transfer target type (TTT) of G,
For each integer 0 ≤ n ≤ v, the family
of transfer kernels is called the n-th layer of the multi-layered transfer kernel type (TKT) of G, consisting of the multi-layered TTT τ (G) and the multi-layered TKT κ(G) of G.
Remark 4.1. Suppose that 0 < n < v. If an ordering is defined for the elements of Lyr n (G), then the same ordering is applied to the members of the layer τ n (G) and the TTT layer is called ordered. Otherwise, the TTT layer is called unordered or accumulated, since equal components are collected in powers with formal exponents denoting iteration. The same considerations apply to the TKT.
Since it is increasingly difficult to compute the structure of the p-class groups Cl p (L) of extension fields L with [L : k] = p n in higher layers with n ≥ 2, it is frequently sufficient to make use of information in the first layer only, that is the layer of subgroups with index p. Therefore, Boston, Bush and Hajir [10] invented the following first order approximation of the TTT, and we add a supplementary notion for the TKT.
of the TTT τ (G), resp. TKT κ(G), to the zeroth and first layer is called the index-p abelianization data (IPAD), resp. index-p obstruction data (IPOD), of G, since the kernel is an obstruction for the injectivity of the induced Artin transfer homomorphismT G,H : G/G ′ → H/H ′ , and thus also for an embedding of the p-class group of the base field K into the p-class group of an extension L.
So, the complete TTT is an extension of the IPAD. However, there also exists another extension of the IPAD which is not covered by the TTT. It is constructed from the usual IPAD 
is called the iterated IPAD, resp. IPOD, of second order of G.
Relation rank of the p-class tower group
There is a fatal misprint in both, the Russian original of the Shafarevich paper [28] of 1964, and in the English translation of 1966, where the Dirichlet unit rank r is missing in formula (18 ′ ). Therefore, we prove the following correction. [28] ) Let p be a prime number and denote by ζ a primitive pth root of unity. Let k be a number field with signature (r 1 , r 2 ) and torsionfree Dirichlet unit rank r = r 1 + r 2 − 1, and let S be a finite set of non-archimedean or real archimedean places of k. Assume that no place in S divides p.
Theorem 5.1. (Corrected version of Theorem 6 by I.R. Shafarevich

Then the relation rank
Proof. It suffices to prove the corrected statement for the case S = ∅ and ζ ∈ k. Let J, resp. U S , be the group of idèles, resp. the subgroup of S-unit idèles, of k, and put
We start with the second part of [28, § 4, Thm.5, p.137] which states that the relation rank of G S is bounded from above by
According to [28, § 1, Thm.1, p.130], the generator rank of G S is given by
∈ k and δ = 1 if ζ ∈ k. Our assumptions S = ∅ and ζ ∈ k imply that t(S) = 0, λ(S) = 0 and δ = 1.
Together, we obtain Fig.2, p.752] , which all have p-multiplicator rank µ = 5 [15] . Since the relation rank d 2 (G) = dim Fp H 2 (G, F p ) of a finite p-group G is bounded from below by its p-multiplicator rank µ(G) [20, § 14, p .178], our corrected formula admits the conclusion that the relation rank d 2 (G) ≥ µ(G) = 5 of the 2-tower groups 32, 35 , 64, 181 , 128, 984 , etc. is exactly equal to d 1 (G) + r + 1 = 3 + 1 + 1 = 5, whereas the misprinted formula yields the contradiction
Slightly different from our definitions in [20 Definition 5.1. Let G be a finite metabelian p-group.
(1) By the cover cov(G) of G we understand the set of all (isomorphism classes of) finite p-groups H whose second derived quotient H/H ′′ is isomorphic to G:
(2) For any nonnegative integer n ≥ 0, let the n-cover of G be defined by
Remark 5.1.
(1) In contrast to our earlier definitions, the cover cov(G) in the new sense cannot be empty, since it certainly contains (the isomorphism class of) the group G itself as the unique metabelian element. (2) By the Burnside basis theorem, the defining conditions 0
Definition 5.2. Let k be a number field with p-class rank ρ, torsionfree Dirichlet unit rank r, and second p-class group G = G 2 p (k). By the Shafarevich cover cov k (G) of G with respect to k (or to a class of similar number fields) we understand the n-cover of G with n = r + 1 if k contains a primitive pth root of unity, and n = r otherwise. The Shafarevich cover can also be defined directly by
Example 5.2. Note first that the various n-covers of G form a non-descending chain of sets,
The cardinality of the cover can probably take any value. Even for closely related groups, such as parent-descendant pairs, the values may be very different.
(1) Generally, if #cov(G) = 1 but the Shafarevich cover of G with respect to k is empty, then G cannot be the second p-class group G 
and TKT κ 1 = (4111) with its parent, and is infinitely capable with nuclear rank NR(G) = 2. As mentioned in [21, Cor.6.2, p.301], its cover cov(G) = T (G) coincides with its complete infinite descendant tree, and even the Shafarevich cover with respect to complex quadratic fields k, cov k (G) = cov 0 (G) = {S j | j ≥ 0}, where S j = 243, 4 (−#1; 1 − #2; 1) j − #1; 1 − #2; 2 denotes a series of Schur σ-groups starting with order 3 8 = 6561 for j = 0 [21, § 6.2.2, pp.299-304], is infinite, according to Bartholdi and Bush [5] . The Shafarevich cover with respect to real quadratic fields K, cov K (G) = cov 1 (G), is more extensive, containing the four groups 2187, 270 . . . 273 [21, Fig.1 
which admit lower group orders, than of a complex quadratic field k with very tight constraints, which can only be satisfied by groups with huge orders.
Let us compile a list of constraints proceeding from the most general to more particular cases:
(1) the Shafarevich bound for the relation rank of the p-tower
with n = r + 1 if ζ ∈ k and n = r if ζ / ∈ k, (2) the cardinality #cov k (G) of the Shafarevich cover of the second p-class group G := G 2 p (k), (3) the existence of a generator inverting (GI-)automorphism of any G n p (K), with n ≥ 2 or n = ∞, acting as inversion map on the abelianization, (4) selection rules for the class cl(G), due to p-class number relations for odd primes p ≥ 3, (5) the capitulation number ν = #{i | κ 1 (i) = 0}, that is the number of total transfer kernels. The first two items of this list concern arbitrary number fields k, whereas the last three conditions are mainly motivated by (real or complex) quadratic fields K = Q( √ d), in particular, the very last item only by complex quadratic fields with d < 0, which enforce ν = 0 [12, 16] 9), (3, 3, 3 ), (9, 3), (9, 3) ) are the type invariants of the 3-class groups of the L i and κ 1 (K) = (0122) is the 3-capitulation type of K in the L i . 
Proof.
(1) First, we prove that G must have coclass cc(G) = 2. This can be done in two ways, either using τ 1 (K) alone or using κ 1 (K) alone.
• According to items 1) and (G) = κ 1 (K) must contain three total kernels, designated by 0, if cc(G) = 1. Since all metabelian 3-groups of coclass bigger than 2 are descendants of 3 5 , 3 , and the TKT (2100) of this root contains a 2-cycle, the TKT κ 1 (G) must also contain a 2-cycle, if cc(G) ≥ 3, according to [11, Cor.3 
Finally, the Artin pattern AP(G) = (κ 1 (G), τ 1 (G)) provides a sort of coordinate system in which the coclass tree with root 3 5 , 6 is embedded, with horizontal axis κ 1 (G) and vertical axis τ 1 (G). The polarization 2 Suppose now that, under the assumptions preceding Proposition 7.1, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2 nd order IPAD of K, 
In both cases, we have derived length dl(G) = 3 and nilpotency class cl(G) = 5.
Proof. We use the p-group generation algorithm by Newman [24] and O'Brien [25] , which is implemented in our licence of the computational algebra system MAGMA [8, 9, 15] , to construct the descendant tree T (R) of the root R = 243, 6 , which is restricted to the coclass tree T 2 (R) in Figure 1 by ignoring the bifurcation at the not coclass-settled vertex 729, 49 . In Figure  3 , however, all periodic bifurcations [20, § 21.2] in the complete descendant tree are taken into consideration, but the tree is pruned from all TKTs different from c. 18 . In parallel computation with the recursive tree construction, the iterated IPAD of second order τ (2) (V ) is determined for each vertex V and non-metabelian vertices H are checked for their second derived quotient H/H ′′ . The construction can be terminated at order 3 11 , because several components of the 2 nd order IPAD become stable and the remaining components reveal a deterministic growth: we have
3 ) for vertices of coclass 2 and 
whereas the 18 fields in the second list have 2 nd IPAD
the claim is a consequence of Theorem 7.1. 7 , we cannot specify the 3-tower group, since the computations would require exceeding amounts of CPU time. However, according to Proposition 7.1 and Theorem 7.1, we know for sure that the length of the 3-tower is certainly ℓ 3 (K) = 3. (27, 27) , (3, 3, 3) , (9, 3) , (9, 3) ) are the type invariants of the 3-class groups of the L i and κ 1 (K) = (0122) is the 3-capitulation type of K in the L i . Proof. A great deal of the proof is similar to the proof of Proposition 7.1.
(1) First, we prove that G must have coclass cc(G) = 2. Next, we show that G must be a descendant of 3 5 , 6 , this time using the polarized component 3 2 of order 3 6 of τ 1 (G). 
Suppose now that, under the assumptions preceding Proposition 7.3, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2 nd order IPAD of K,
Proof. Similar as in the proof of Theorem 7.1, we construct the descendant tree T (R) of the root R = 243, 6 , determine the iterated IPAD of second order τ (2) (V ) for each vertex V , and check the second derived quotient H/H ′′ of non-metabelian vertices H. It turns out that the cover of the common metabelianization G = 3 7 , 285 − #1; 1 = G/G ′′ of all candidates G for the 3-tower group is given by cov ( 3 7 , 285 − #1; 1) = { 3 7 , 285 − #1; 1, 3 7 , 285 − #1; 1 − #1; 7, 3 6 , 49 − #2; 1 − #1; 1, 3 6 , 49 − #2; 1 − #1; 1 − #1; 1, 3 6 , 49 − #2; 1 − #1; 1 − #1; 8}. The various vertices are not characterized uniquely by their iterated IPAD of second order. Rather they can be identified as batches of two resp. three vertices in the claimed manner. 
All these groups have derived length dl(G) = 3.
Proof. The two infinitely capable groups 3 7 , 285 − #1; 1 and 3 6 , 49 − #2; 1 − #1; 1 have pmultiplicator rank MR(G) = 4 and thus relation rank d 2 (G) ≥ 4, and consequently cannot satisfy the Shafarevich inequality d 2 (G) ≤ d 1 (G) + r = 2 + 1 = 3 [28, Thm.6, p.140] for a field K with unit rank r = r 1 + r 2 − 1 = 1 and ζ 3 / ∈ K. 
Proof. The results were communicated to us on July 11, 2015, by M.R. Bush, who used PARI/GP [26] with similar techniques as described in our paper [18, § 5, pp.446-450] , and additionally double-checked with MAGMA [15] .
must be a real quadratic field with 3-capitulation type κ 1 (K) = (0122).
Proof. This is a consequence of item (1) 
In each case, the length of the 3-class tower of K is given by ℓ 3 (K) = 3.
Proof. Since all these real quadratic fields
and suitable 2 nd IPAD, the claim is a consequence of Corollary 7.1. 8 , we cannot specify the 3-tower group, since the computation would require too much CPU time. However, according to Proposition 7.3 and Corollary 7.1, we can be sure that the length of the 3-tower is exactly ℓ 3 (K) = 3.
The 2
nd Excited State of Capitulation Type c.18. As before, K is an algebraic number field with 3-class group Cl 3 (K) of type (3, 3)=1
2 . Let L 1 , . . . , L 4 be the four unramified cyclic cubic extensions of K, and suppose that the 1 st order Artin pattern AP (3, 3, 3) , (9, 3) , (9, 3) ) are the type invariants of the 3-class groups of the L i and κ 1 (K) = (0122) is the 3-capitulation type of K in the L i . Proof. Again, a great deal of the proof is similar to the proof of Proposition 7.1.
(1) First, we prove that G must have coclass cc(G) = 2. Next, we show that G must be a descendant of 3 5 , 6 , this time using the polarized component 4 2 of order 3 6 of τ 1 (G). Again, we have d 2 (G) ≥ MR(G) = 4 = d 1 (G) + 2, since the p-multiplicator rank is a lower bound for the relation rank. Finally, the polarization 4
2 ) determines the nilpotency class cl(G) = 8 and thus also the order |G| = 3
10 . The polarization 0 of κ 1 (G) = (0122) with stable components (122) unambiguously identifies the mainline vertex of order 3 10 , which is 2187, 285 (−#1; 1) 
Suppose now that, under the assumptions preceding Proposition 7.5, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2 nd order IPAD of K,
Proof. Similar as in the proof of Theorem 7.1, we construct the descendant tree T (R) of the root R = 243, 6 , determine the iterated IPAD of second order τ (2) (V ) for each vertex V , and check the second derived quotient H/H ′′ of non-metabelian vertices H. It turns out that the cover of the common metabelianization G = 3 7 , 285 (−#1; 1) 
Proof. The three groups 3 7 , 285 (−#1; 1) 3 and 3 6 , 49 − #2; 1 − #1; 1 − #1; 2 − #1; 1 and 
Suppose now that, under the assumptions preceding Proposition 8.1, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2 nd order IPAD of K, 
In both cases, we have derived length dl(G) = 3 and nilpotency class cl(G) = 5. Proof. In analogy to the proof of Theorem 7.1, we construct the descendant tree T (R) of the root R = 243, 8 , which is restricted to the coclass tree T 2 (R) in Figure 2 by ignoring the bifurcation at the not coclass-settled vertex 729, 54 . In Figure 4 , all periodic bifurcations [20, § 21.2] in the complete descendant tree are taken into consideration, but the tree is pruned from all TKTs different from c.21. In parallel computation with the recursive tree construction, the iterated IPAD of second order τ (2) (V ) is determined for each vertex V and non-metabelian vertices H are checked for their second derived quotient H/H ′′ . The construction can be terminated at order 3 11 , because several components of the 2 nd order IPAD become stable and the remaining components reveal a deterministic growth: we have (21) 3 ) for vertices of coclass 2 and
3 ) for vertices of coclass 3.
Therefore, the vertices 2187, 307 and 2187, 308 are characterized uniquely by their iterated IPAD of second order, and the cover of their common parent is given by cov( 729, 54 ) = { 729, 54 , 2187, 307 , 2187, 308 }. 
with fixed τ 1 (L 2 ) = ((321) 4 ). In each case, the length of the 3-class tower of K is given by ℓ 3 (K) = 3.
Proof. Since all these real quadratic fields K = Q( 
Proof of the main result
Combining several remarks and the results of two theorems, we are finally able to prove our initial Main Theorem 2.1. 10. When do we consider the p-class tower as "known"?
As we have seen in this article, there are various pieces of information contributing to the knowledge of the p-class tower F ∞ p (k) of a number field k:
(1) the p-class tower group G = Gal(F ∞ p (k)|k) of k, (2) the length ℓ p (k) = dl(G) of the p-class tower of k, (3) iterated IPADs τ (n) (G) and IPODs κ (n) (G) of higher order n ≥ 2, (4) the second p-class group G = Gal(F 2 p (k)|k) ≃ G/G ′′ of k, (5) the order |G|, nilpotency class cl(G) and coclass cc(G) of G, (6) the annihilator ideal A of the commutator subgroup G ′ of G, (7) the p-capitulation kernels ker(j L|k ) of the unramified cyclic extensions L|k of degree p, forming the first layer κ 1 (k) of the p-capitulation type, or TKT, of k, (8) the p-class groups Cl p (L) of the unramified cyclic extensions L|k of degree p, forming the first layer τ 1 (k) of the TTT of k, (9) the p-class group Cl p (k) ≃ G/G ′ of k, (10) the p-class rank r p (k) = dim Fp (F p ⊗ Zp Cl p (k)) of k. Figure 5 shows the logical implications between the pieces of information, which are valid generally, since they arise from mappings, such as dl(), cl(), cc(), and so on.
However, in special cases, there exist further logical relations.
• If the p-class rank r p (k) of k is sufficiently large, then the Golod-Shafarevich Theorem 
